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Abstract 

We describe the structure of d-dimensional homogeneous Lorentzian G-manifolds 
M = G/H of a semisimple Lie group G. Due to a result by N. Kowalsky, it is 
sufficient to consider the case when the group G acts properly, that is the stabilizer 
H is compact. Then any homogeneous space G/H with a smaller group H C 
H admits an invariant Lorentzian metric. A homogeneous manifold G/H with a 
connected compact stabilizer H is called a minimal admissible manifold if it admits 
an invariant Lorentzian metric, but no homogeneous G- manifold G/H with a larger 
connected compact stabilizer H Z) H admits such a metric. We give a description 
of minimal homogeneous Lorentzian n-dimensional G-manifolds M = G/H of a 
simple (compact or noncompact) Lie group G. For n < 11, we obtain a list of all 
such manifolds M and describe invariant Lorentzian metrics on M. 
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1 Introduction 



We discuss the problem of classification of homogeneous Lorentzian G-manifolds M = 
G/H of a semisimple Lie group G. We say that a G-manifold M is proper if the action 
of the isometry group G on M is proper. In contrast with the Riemannian case, there are 
nonproper homogeneous Lorentzian manifolds, for example, the De Sitter space dS"^ = 
SOi^n/ SOi^n-i and the anti De Sitter space ArfS"" = S02^n/ SOi^n-i. 
A surprising result by Nadin Kowalsky shows that these spaces of constant curvature 
exhaust all nonproper homogeneous Lorentzian manifolds of a simple group G (up to a 
local isometry). 

This result had been generalized by M. Deffaf, K. Melnick and A. Zeghib to the case of a 
semisimple group G : 

Any nonproper homogeneous Lorentzian manifold of a semisimple Lie group G is a local 

product of the (anti) De Sitter space and a Riemannian homogeneous manifold. 

This reduces the classification of homogeneous Lorentzian manifolds M = G/H of a. 

semisimple Lie group to the case when the stabilizer H is compact. 

We will always assume that all considered Lie groups are connected. In particular, by 

a stability subgroup of an action of a Lie group on a manifold we will understand a 

connected stability subgroup. 

We say that a proper homogeneous manifold M = G/ H { and the stability subgroup 
H ) is admissible if M admits an invariant Lorentzian metric. Then any homogeneous 
manifold G/H, where H G H is a. closed subgroup is admissible. We say that M = G/H 
is a minimal admissible manifold (and the stabilizer H is maximal admissible ) if 
there is no admissible connected compact Lie subgroup H which contains H properly. 

The main goal of the paper is to describe minimal admissible manifolds M = G/H of 
a semisimple Lie group G and determine invariant Lorentzian metrics on them. 

In section 2, we fix notations and recall an infinitesimal description of invariant pseudo- 
Riemannian metrics on a homogeneous manifold M = G/H in terms of the Lie algebras 
0, f) of the groups G, H. 

In section 3, we give a necessary and sufficient conditions that a proper homogeneous 
manifold admits an invariant Lorentzian metric. We also give a description of minimal 
admissible manifolds M = G/H of a group G which is a direct product G = Gi x G2- 
This reduces the classification of minimal admissible manifolds of a semisimple Lie group 
G to the case of a simple group. 

An explicit description of minimal admissible manifolds M = G/H of a simple compact 
Lie group G and invariant Lorentzian metrics on M is given in section 4. Any such 
manifold M = G/H is the total space on the canonical T^-bundle 

TT : M = G/H = G/H„ ^ Fa = G/Ha ■ 

over a minimal adjoint orbit 

AdGta = G/ZG{ta)=G/H^-T\ 
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The minimal adjoint orbits corresponds to simple roots a of G and are the orbits of ele- 
ments ta of a Cartan subalgebra associated with the corresponding fundamental weights. 
The stabilizer is the semisimple part of the centralizer Zcita)- The Dynkin diagram 
of Ha is obtained from the Dynkin diagram of G by deleting the vertex a. Invariant 
Lorentzian metrics in M = G/ Ha are described in terms of invariant Riemannian metrics 
in Fa and the invariant connection in the bundle vr. If M is not the total space of the 
sphere bundle over a compact rank one symmetric space, then they depends on m(a) + 1 
real parameters, where m(«) is the Dynkin mark associated with the root a. 

The section 5 is devoted to investigation of minimal homogeneous Lorentzian manifolds 
M = G/H oi a. simple noncompact Lie group G. If G has infinite center, then the stabilizer 
if is a maximal compact subgroup of G. 

In the case of a finite center, the coset space S = G/K by a maximal compact subgroup K 
is an irreducible Riemannian symmetric space with the symmetric decomposition q = t+p. 
Let H <Z K he a. closed subgroup and 

fl = f) + m = {) + (n + p) 

the corresponding reductive decomposition, where i = i) + n. The subgroup H is admis- 
sible if the space m''^ = ri'^ + p''^ of Ad/^-invariant vectors is nontrivial. We say that the 
associated admissible manifold M = G/H belongs to the class I if 7^ and belongs to 
the class II if ^ 0. 

Geometrically, an admissible manifold M = G / H belongs to the class I if it admits an 
invariant Lorentzian metric such that the projection n: M = G/H^S = G/K is a 
pseudo- Riemannian submersion with Lorentzian totally geodesic fibres K/H. In partic- 
ular, the orbits of an invariant time-like vectors field on M are circles. An admissible 
manifold M = G/H belongs to the class II, if it admits an invariant Lorentzian metrics 
with an invariant time-like vector field which generates a noncompact 1-parameter sub- 
group M. 

Classification of minimal admissible manifolds M = G/H of a simple noncompact Lie 
group G reduces to description of maximal admissible subgroup H of the compact Lie 
group K. This problem had been solved in section 4. 

The classification of admissible manifolds of class II of a simple Lie group G reduces to 
determination of the stabilizers H = Ky of minimal orbits for the isotropy representation 

j:K^ SO{p) 

of the symmetric space S = G/K. As an example, we determine such stabilizers for 
the group SLn{M) and for all simple Lie groups of real rank one and describe invariant 
Lorentzian metrics on the associated minimal admissible manifold M = G/Ky. 
Starting from the list of irreducible symmetric spaces G/K of dimension m < 10, by 
analyzing the isotropy representation j{K) we derive also the list of all class II minimal 
admissible manifolds M'^ = G/H of dimension d < 11 and describe invariant Lorentzian 
metrics on M*^. 
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2 Preliminaries 



By a homogeneous manifold M = G/H we will understand the homogeneous manifold 
of a connected Lie group G modulo a closed connected subgroup H. We identify the 
tangent space TqM at the point o = eH with the coset space V = q/[) where g = Lie (G) 
is the Lie algebra of G and f) = Lie if is the subalgebra associated with the subgroup 
H. We denote hj j : H ^ GL(y) (resp., j : f) — gliV)) the isotropy representation of 
the stability subgroup H ( resp., the stability subalgebra f)). It is induced by the adjoint 
representation of H (resp., f)). Since the group H is connected, a tensor T in ^ is j{H)- 
invariant if and only if it is -invariant, that is j{h)T = for all /i G f). 
Recall the following 

Proposition 1 There is a natural bijection between G-invariant Riemannian 
(resp., Lorentzian) metrics in a homogeneous space M = G/H and -invariant Eu- 
clidean ( resp., Lorentzian) scalar products Qo in V . An invariant scalar product Qo defines 
the metric, whose value at a point x = LaO := ao, a E G is given by 

g^ := (La)* go = goi{La)~^-, (La)"^-). 

Sometimes we will identify go and g and say that go is an invariant metric in M. 

Recall that if the group G acts effectively on a pseudo-Riemannian homogeneous 
manifold M = G/H, then the isotropy representation is exact and the stability subgroup 
H is isomorphic to the isotropy group j{H) C GL(y). In particular, we have 

Proposition 2 A homogeneous manifold M = G/H admits an invariant Lorentzian met- 
ric if and only if the isotropy representation j defines an isomorphism of the stability group 
H onto a subgroup L of the connected Lorentz group SO^{V) or, equivalently, isomorphism 
of the stability subalgebra i) onto a subalgebra t of the Lorentz algebra so{V). 

A homogeneous manifold M = G/H is called to be reductive if there is an Adn- 
invariant (reductive) decomposition 

g = f) + m. 

In this case, the complementary to f) subspace m is identified with the tangent space 
ToM = g/f) and the isotropy representation is identified with the restriction Ad//|m of 
the adjoint representation. 

Any homogeneous manifold with a compact stabilizer is reductive. 

3 Invariant Lorentzian metrics on a proper homoge- 
neous C-manifolds 

Definition 1 An action of a Lie group G on a manifold M is called proper if the map 

G X M ^ M X M, (a, x) ^ {ax, x) 
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is proper, or, equivalently , G preserves a complete Riemannian matric on M . In this case 
G -manifold M is called proper. 

The orbit space M/ G of a proper G-manifold is a metric space and has a structure of a 
stratified manifold. 

For a nonproper G-manifold, the topology of the orbit space can be very bad, for 
example, non-Hausdorff, see e.g. the action of the Lorentz group on the Minkowski space. 
On the other hand, in most cases the isometry group of a compact Lorentzian manifold 
is compact and, hence, acts properly. G. D'Ambra |DAj proved that the isometry group 
of any simply connected compact analitic Lorentzian manifold is compact (hence, it act 
properly). M. Gromov |DAG] states the problem of description of all compact Lorentzian 
manifolds which admits a noncompact (= nonproper) isometry group. It is a special case 
of his more general problem of classification of geometric structures of finite order on 
compact manifold with a noncompact group of automorphisms. Recall the following 

Proposition 3 Let M = G/H be a homogeneous manifold with an effective action of G. 
Then the following conditions are equivalent: 

a) M = G/H is proper; 

b) the stabilizer H is compact. 

c) M admits an invariant Riemannian metric (which is defined by an H -invariant Eu- 
clidean metric go in ToM o = eH E M) 

An if-invariant metric go can be constructed as the center of the ball of minimal radius 
in S'^{T*M) ( w.r.t. some Euclidean metric gi) which contains the orbit j{H)gi. 

3.1 A criterion for existence of an invariant Lorentzian metric 
on a proper homogeneous manifold M = G/H 

Proposition 4 A proper homogeneous manifold M = G/H admits an invariant Lorentzian 
metric if and only if the isotropy group j{H) preserves an 1-dimensional subspace L = 
Rv CV = g/l}. 

Moreover, let h be a j{H) -invariant Euclidean scalar product and r] is the 1-form which 
defines the hyperplane L-^ = kerr/ orthogonal to L. Then one can associate with [L, h) an 
invariant Lorentzian scalar product 

gQ = h-\r]®r] 

where A > sufficiently big number, which defines an invariant Lorentzian metric in 
M . Any invariant Lorentzian metric can be obtained by this construction. 

Proof. The first claim is obvious. Now we prove that any invariant Lorentzian metric 
(yf on M is obtained by this construction. The restriction = (yf|o is a j(if)-invariant 
Lorentzian scalar product m. V = ToM and i{H) is a compact subgroup of the group 
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SO{V) = SOi^n-i which preserves go- Hence is belongs to a maximal compact subgroup 
On-i C SOi^n-i which preserves a time-like line L = 'Rt & V. Then 

h := Xt] ^ T] + go 

for 7] := go{t, ■) and sufficiently big A > is a j (if) -invariant Euclidean metric such that 
g = —Xr] ® 7] + h. So the Lorentzian metric g is obtained from a Riemannian metric 
(associated with h) by the described construction. □ 

Corollary 1 // (M = GjH^ g) be a proper homogeneous Lorentzian manifold with con- 
nected stabilizer H . Then it admits an invariant time-like vector field T with g{T, T) = — 1 
and the formula 

h = XgoT®goT + g 
defines an invariant Riemannian metric for any A > 1 . 

We will always assume in the sequel that the stability subgroup H is connected. 

Definition 2 A proper homogeneous manifold M = G/H (and the corresponding stability 
group H ) is called admissible if M admits an invariant Lorentzian metric. 
Moreover, a compact subgroup H is called maximal admissible if it is a maximal 
compact subgroup such that M = G/H admits an invariant Lorentzian metric. Then the 
manifold M = G/H is called a minimal admissible manifold. 

Corollary 2 A proper homogeneous manifold M = G/H with a reductive decomposition 
Q = [) + m is admissible if and only if ^ where is the space of Adn -invariant 
vectors from m. 

Proposition 5 Any closed subgroup H' of an admissible subgroup H is admissible. 

Proof. Let g = [) -|- m be a reductive decomposition of an admissible manifold M = G/H 
and H' <Z H is a. subgroup with f)' = LieH'. Then 

= f3' + m' = [)' + (p + m), 

where p is an Adj^'-invariant complement to P)' in f), is a reductive decomposition oi G/H' 
and 

m'-^' = p^' + m^' D ^ 0. 
This shows that H' is an admissible subgroup. □ 

The above observations reduce the problem of description of admissible homogeneous 
G- manifolds M = G/H to classification of maximal admissible subgroups H oi G and 
a description of all closed subgroup of the (compact) maximally admissible groups H. 
The problem of construction of all invariant Lorentzian metrics on a given admissible 
homogeneous manifold M = G/H with a reductive decomposition g = f) + m reduces to 
a description of all invariant Riemannian metrics on M (or , equivalently, adu-invariant 
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Euclidean scalar products in m) and a description of the space of Ad/^-invariant 
vectors in m. 

Example Let M = G / H he an admissible homogeneous manifold with a reductive 
decomposition g = P) + m. Assume that the j(if)-module m admits a decomposition 

m = mo + mi + ■ ■ ■ + TTife 

where mo is a trivial module and m^, i > are non-equivalent irreducible modules. Then 
any invariant Lorentzian metric on M is defined by a scalar product of the form 

g = 90 + Ais-i h XkOk 

where go is a Lorentzian scalar product, Qi are invariant Euclidean scalar product in 
mj, 2 > and Aj are positive numbers. 

We will use this construction in the sequel. 

3.2 Minimal homogeneous Lorentzian G-manifolds where G = 
Gi X ^2 is a direct product 

In this subsection we describe the structure of minimal admissible homogeneous G- 
manifold M = G/H where G = Gi x G2 is a direct product of two Lie groups. It 
reduces the classification of minimal admissible homogeneous manifolds of a semisimple 
Lie group G to the case of simple Lie group G. 

The reductive decomposition of M = (Gi x G2)/H can be written as 

g = + m = + f)i + + (mi + ms + li) 

where f)j = f) H g^, I is the complementary to f)i + f)2 ideal of f), ii = 7rj([) ^ [is the 
projection of I to {)j and m^ is an adj^-invariant complement to the compact subalgebra 

P)j + in gj, z = 1, 2. Assume that the space of if- invariant vectors in mi is not 
zero. Then the subalgebra i)i + h + i)2 + h generates an admissible subgroup which, by 
maximality of H, coincides with H. Hence I = and the homogeneous manifold M is a 
direct product M = G/H = Gi/Hi x G2/H2. Note that a subgroup Hi x H2 C Gi x G2 
is maximal admissible if one of the factors, say Hi is a maximal admissible subgroup of 
Gi and the other factor H2 is a maximal compact subgroup of G2. 

Assume now that mf^ = 0, i = 1,2. Then the compact subalgebra li must have a 
center and from the condition that if is a maximal admissible subgroup we conclude that 
[j = Mtj is an 1-dimensional subalgebra of and f)j -|- Mtj is its centralizer in a maximal 
compact subalgebra ti of g^. This implies the following result. 

Theorem 1 Let M = G/H be a minimal admissible homogeneous manifold of a Lie 
group G = Gi X G2. 
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If H = Hi X H2 is consistent with the decomposition of G, then one of the subgroups 
Hi,H2, say Hi, is maximal admissible in Gi and the other subgroup H2 is maximal 
compact subgroup of G2 ■ 

If H is not consistent with the decomposition, then its Lie algebra has the form 

f) = i)i + i)2 + R{ti+t2) 

where f)j + Mtj = Zp (tj) is the centralizer of an element t, G Qi into a maximal compact 
subalgebra ii := LieKi of g,, i = 1,2. The reductive decomposition associated with M = 
G/H can be written as 

g = [^ + m= [i + (mi+m2 + M(ti - ^2)) 
where nXj is an adh-invariant complement to Z^ {ti) in g^. 

This theorem can be apphed to the case when G is a semisimple Lie algebra and it reduces 
the description of admissible homogeneous manifolds of a semisimple Lie group G to the 
case of simple Lie groups. 

4 Homogeneous Lorentzian manifolds of simple com- 
pact Lie group 

Let G be a compact simple Lie group. The adjoint orbit F = Ad^t ~ G/Zcit) of G 
is called to be minimal, if the stability subgroup Zcit) ( which is the centralizer of an 
element t G g ) is not contained properly in the centralizer of other non-zero element 
t' G g. Recall that the centralizer Zcit) is connected. 

It is know, see, for example |A12] that the orbit F if minimal if and only if Zcit) has 
1-dimensional center = {exp Xt} and can be written as Zcit) = H ■ where if is a 
semisimple normal subgroup. Minimal adjoint orbits (up to an isomorphism) correspond 
to simple roots a of the Lie algebra g. Moreover, the Dynkin diagram of the semisimple 
group H is obtained from the Dynkin diagram of g by deleting the vertex a. We will 
denote the minimal orbit associated with a simple root a hy Fa. Below we give the list 
of all such semisimple subgroups H for all simple Lie groups G: 



G 


= SUn, 


H = 


SUp X SUq, p + q = n, p = 1,2, - ■ ■ ,n -1; 




G 


= SO,,, 


H = 


Tl 

SUp X SO,, 2p + q = n,p = 1,2,- ■■ ,[-]; 




G 


= Spn, 


H = 


Spp X Spg, n = p + q,p = l,2,--- ,n-l; 




G 


= G2, 


H = 






G 


= F,, 


H = 


Sps, SUf'"'-' X 5f/^°"^ 5f/f X 5f/f"^ Spm-r- 




G 


= Eq, 


H = 


Spinio, SU2 X SU5, SU3 X SU3 X SU2, SUq; 




G 


= Er, 


H = 


Eg, SU2 X Spmio, SU3 x SU5, SU4 x SU3 x SU2, SUq 


X SU2, Spini2, SU7. 


G 


= Es, 


H = 


Ej, SU2 X Eq, SU3 X Spinio, SUi x SU^, SU5 x SU3 x 


SU2, SUj X SU2, Spiriii 
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Let Fa = G/H ■ be a minimal orbit associated with a simple root a. Then 

TT : M« = G/H ^ F„ = G/H ■ 
is a principal fibration with the structure group T^. Denote by 

e : TM„ ^ M = Lze(T^) 
the G-invariant principal connection defined by the condition 6{t) = 1, d{p) = where 

g = (f] + Mt) + p 

is the reductive decomposition associated with the orbit Fa = G/H ■ T^. We say that vr 
is the canonical bundle with connection over the orbit Fa- 

It is known that the tangent space ToF^ ~ p as an Ad(/i'.'jri)-module is decomposed 
into mutually non equivalent irreducible submodules 

P = Pi + --- + P™ (1) 

and the number m of these submodules equal to the Dynkin number m{a) = rrii of the 
corresponding simple root a = ai that is the coordinate over aj in the decomposition 
fi = rrijaj of the maximal root fi with respect to the simple roots «i, ■ ■ ■ , a^. This 
implies that any invariant Riemannian metric gp in F at the point o = e{H ■ T^) is given 
by 

go = Ai^i H h Xmbm 

where bj = ~B\p is the restriction of the minus Killing form —B to p^ and Xj are positive 
constants. 

Theorem 2 Any minimal admissible manifold of a simple compact Lie group G is the 
total space Ma = G/H of the canonical fibration over a minimal orbit F = Fa = G/Ha-T^- 
Moreover, if M = G/Ha is not the total space of the sphere bundle of a compact rank one 
symmetric space that is 

5(5") = SOn+i/SOn^uSpinj/SUs = S{S^) = S''xS^,S{S^) = SU2xSU2/T^ = S^xS^; 

5(CP") = SUn+i/SUn, S{W') = Spr^+JSpi X Spn-2, S{OP^) = FjSpim 
then any invariant Lorentz metric g on M is given by 

g = -\e^ + n*gF 

where 9 is the principal connection, gp is an invariant Riemannian metric on F and A is 
a positive number. In particular, the metric g depends on m{Q) + 1 positive parameters, 
where m{a) is the Dynkin mark. 

Proof. Let M = G/H he a minimal admissible homogeneous manifold of a simple com- 
pact Lie group G with the reductive decomposition g = f) + m. Denote by t G m an 
Adj/-invariant non-zero vector. We can assume that t generates a closed one-parameter 
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subgroup since H preserves pointwise the curve exp At, hence, also its closure in G. The 
centralizer 3 [t] of t in g can be decomposed into a direct sum 3 (t) = f) + Mt where f) D f) 
is a subalgebra which generates a closed subgroup H of G. Since Ad^ preserves t, the 
homogeneous space G/H is admissible and due to minimality of M it coincides with M. 
Hence, H = H and Zcit) = H ■ where is the closed subgroup generated by t. It is 
proven in jAS] . that if M is not the total space of the sphere bundle of a compact rank 
one symmetric space, then all irreducible {H ■ T^)-sub modules of the decomposition ([1]) 
remain irreducible and non-equivalent as if-submodules. This implies the last claim of 
the theorem. □ 



5 Homogeneous Lorentzian manifolds of a simple 
noncompact Lie group 

Now we consider minimal admissible homogeneous manifolds of a simple noncompact Lie 
group G. 

5.1 Case when the group G has infinite center 

Assume at first that G has infinite center. It is known that such group G acts transitively 
(and almost effectively) on a non-compact irreducible Hermitian symmetric space S = 
G/K ■ M with the symmetric decomposition 

g = {t + m) + p 

where Kt is the 1-dimensional centralizer of the Lie algebra t of a maximal compact 
subgroup K of G and adt|p is j{K ■ ]R)-invariant complex structure in the tangent space 
p = ToS. Obviously, we get the following 

Proposition 6 Let G be a simple non-compact Lie group and S = G/K-M. the associated 
Hermitian symmetric space. Then the manifold M = G/K is the only minimal admissible 
G-manifold and all invariant Lorentzian metrics on M are defined by the scalar product 
m m = Rt + p of the form 

g = -Xe'' + gp 

where A > 0, ^ is the 1-form dual to the vector t (such that 6{t) = 0, 6{p) = 0) and p 
is the invariant Euclidean scalar product in p which defines the symmetric Riemannian 
metric in S. In particular, 

Tr:M = G/K ^ S = G/K ■ R 
is a pseudo-Riemannian submersion. 
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5.2 Duality 



Now we will assume that G is a simple noncompact Lie group with a finite center. Then 
the quotient S = G/K hj a. maximal compact subgroup i^' is a symmetric space of 
noncompact type. We will denote hj S = G/K the dual compact symmetric space. Let 

be a symmetric decomposition associated with the symmetric space S. Then the sym- 
metric decomposition associated with S can be written as 

Q = i) + tp 

where [iX, lY] = -[X, Y] for X, F G p. 

In particular, the dual symmetric spaces S, S have the same stabilizer K and isomor- 
phic isotropy representation j{K) = Adj^lp ~ Ad/^|,jp. This implies the natural bijection 
between (maximal) admissible subgroups H d K oi the dual Lie groups G and G. In 
terms of homogeneous Lorentzian manifolds this can be reformulated as follows. 

Proposition 7 There exists a natural one-to-one correspondence between proper homo- 
geneous Lorentzian G-manifolds M = G/H of a simple noncompact Lie group G and 
homogeneous Lorentzian manifolds M = G/H of the dual compact Lie group G such that 
the stabilizer H belongs to the subgroup K d G. 

Proof. Let M = G/ H, H G K he an admissible G-manifold with reductive decomposition 

g = f) + m:=fi + (n + p), t = [) + n 

with the invariant Lorentzian metric defined by an Ad//-invariant Lorentzian scalar prod- 
uct (^o in m = f) + p, then the dual compact homogeneous Lorentzian manifold is the 
homogeneous manifold M = G/H with the reductive decomposition 

= {) + m:=f) + (n + ip) (2) 

and the metric defined by the Lorentzian scalar product in m which corresponds to the 
scalar product Qo under the natural isomorphism 

m = n-|-ip~m = n-|-p. 

□ 

5.3 A characterization of noncompact homogeneous Lorentzian 
manifolds of class I and class II 

Let M = G/H, H G K he a.n admissible homogeneous space of a noncompact simple 
Lie group G with the reductive decomposition ([2]). Then the space = + p^ of 
j(if)-invariant vectors is not zero. 
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Definition 3 We say that the admissible homogeneous manifold M = G/H belongs to 
the class I if ^ and belongs to the class II if ^ . 

Geometrically, homogeneous spaces of the class I and the class II can be characterized 
as follows. 

Proposition 8 An admissible G-manifold M = G/H of a simple noncompact Lie group 
G belongs to the class I if it admits an invariant Lorentzian metric such that vr : M = 
G/H — 7- S* = G/K is a pseudo-Riemannian submersion with totally geodesic Lorentzian 
fibres over the noncompact Riemannian symmetric space S = G / K . In particular, the 
invariant time-like vector filed generate a compact group . 

An admissible manifold M = G / H belongs to the class II if it admits an invariant 
Lorentzian metric with a time-like invariant vector field, which generates a noncompact 
1-parameter subgroup M. 

Proof. Assume that M belongs to the class I. Let t e be an if-invariant vector and 
= fl'n © S'p an Euclidean scalar product in m which is a sum of Ad/f-invariant scalar 
product in n and the unique ( up to a scaling) Adii:-invariant scalar product in p. Then 
the invariant Lorentzian metric in M defined by the Lorentzian scalar product of the form 
fl't.A = g — \g o t ® g o t ioi sufficiently big A satisfies the stated property. □ 

Remark It is possible that a minimal admissible G-manifold belongs to the class I 
and the class II at the same time. 

Let K C GL{y) be a linear Lie group. Recall that by the (connected) stabilizer of 
a vector v eV we understand the connected component of the subgroup which preserves 

V. 

Definition 4 Let K C GLiV) be a linear Lie group. The orbit Kv of a vector v ^ is 
called a minimal orbit is the the ( connected) stabilizer K^, does not contained properly 
in the (connected ) stabilizer of any other non-zero vector w. Then the stabilizer K„ 
is called a maximal stabilizer. 

The following obvious proposition reduces the classification of all minimal admissible 
homogeneous G- manifolds M = G/H oi the class I to the classification of maximal ad- 
missible subgroups H of the maximal compact subgroup K of G and the classification of 
such manifolds of the class II to the description of maximal isotropy subgroups of the 
isotropy representation Ad/^|p of the symmetric space S = G/K. 

Proposition 9 Let M = G/H be a minimal admissible homogeneous G-manifold of a 
simple noncompact Lie group G. 

i) If M belongs to the class I, then H is a maximal admissible subgroup of a maximal 
compact subgroup K D H of G. 

a) If M belongs to the class II, then H = K^, is a maximal (connected) stabilizer of the 
isotropy representation of the Riemannian symmetric space S = G/K. 
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Let 

= « + P 

be the symmetric decomposition of a symmetric space S = G/K. For any nonzero vector 
f G p we denote by the stabihty subalgebra of the isotropy representation and by 
Ky G K corresponding connected stabihty subgroup. 

Definition 5 The subalgebra G i (resp., corresponding subgroup G K) is called 
a maximal stability subalgebra (^resj»., maximal stability subgroup j if it does 
not contained properly in any other stability subalgebra (resp., stability subgroup) of the 
isotropy representation of G/K. 

Proposition 10 Let S = G/K be a symmetric space of noncompact type and H G K a 
maximal admissible subgroup of K such that the admissible manifold G/H belongs to the 
class II. Then H = H„ is a maximal stability subgroup of K . Conversely, any maximal 
stability subgroup K^ of K is admissible and defines an admissible manifold M = G/K^ 
of the class II. 

So the classification of proper homogeneous Lorentzian manifolds of a semisimple non- 
compact group G reduces to description of maximal stability subgroups K^ of the isotropy 
representation of the associated symmetric space S = G/K. 

Due to theorem [H it is sufficient to describe such subgroups for simple Lie groups. 



5.4 Homogeneous Lorentzian S'Lji(R) -manifolds 

In this subsection we classify all minimal homogeneous Lorentzian G-manifolds of the 
class II where G = S'L„(M). 

Let S = SLn{M.)/ SOn- We identify S with the codimension one orbit S'L„(M)(7o 
of the Euclidean metric Qq G S'^V* in the space S'^V* of symmetric bilinear forms in 
y = M" (or with the space of symmetric matrices). In particular, the tangent space 
Tg^S = ToS is identified with the space of S'o(^*) of traceless (w.r.t. go) bilinear forms. Let 
V = U + W he a decomposition of V into a (^o-orthogonal sum of subspaces of dimension 
p and q , respectively, and H = SO{U) x SO{W) = SOp x SOg the connected subgroup of 
SO{V) = SOn which preserves this decomposition. Consider the homogeneous manifold 

Mp^g = G/H := SLn{R)/SOp X SOg, p + q = n. 

It has the natural fibration 

Mp^g = SLJiSOp X SOg) ^S = SLjSOn 
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over the symmetric space S = SLn/SOn with the Grassmannian Grp(]R") = SOn/SOp x 
SOq as a fibre. The Grassmannian is an irreducible symmetric manifold with the sym- 
metric decomposition 

SOn = so{V) = (so(f/) + so{W)) + U AW. 
Then the reductive decomposition of the homogeneous manifold 

Mp^g = SL{V)/SO{U) X SO{W) = SLr,{R)/SOp x SOq 
can be written as 

:= 5l{V) = [) + m = {so{U) + so{W)) + {Rb + U* AW* + S^U* + S^W* + f/* V W*) 

where V is the symmetric product, b := qgo\u—pgo\w and SqU*, SqW* are irreducible sub- 
modules of traceless bilinear forms. As a j{H)-modu\e, the tangent space m is isomorphic 

to 

m = Rb+{U (S)V)^R^ + S^U + S^W. 

In particular, 

= R6 ^ 0. 

We get 

Proposition 11 The homogeneous manifold Mp^g is an admissible manifold. Any invari- 
ant Lorentzian metric on it is defined by the scalar product of the form 

g = -X^b* (g) 6* + 5-1 ® gM.2 + \2g2 + hgs 

where Xi,i = 1,2,3 are positive constants, gi,g2,g3 are the Euclidean scalar products in 
f/® V, SqU and SqW respectively, induced by the metric go and g]^2 is an Euclidean scalar 
product in M^. 

The following theorem shows that the spaces Mp^g exhaust all minimal homogeneous 
Lorentzian S'L„(]R)-manifolds of the class II. 

Theorem 3 A minimal admissible homogeneous SLn(R) -manifold M of class II is iso- 
morphic to the manifold Mp^g = SLn/ {SOp x SOg) for some p, q with p + q = n. 

Proof. The isotropy representation j of the symmetric space S = SLn{R)/ SOn is the 
standard representation of K = SOn in the space TqS = SqR^ of traceless symmetric 
matrices. 

The stability subgroups of j(5'0„) are 5*0^^ x ■ ■ ■ x SOp^ and maximal admissible subgroups 
are SOp x SOg. They defines manifolds Mp^g. □ 
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5.5 Homogeneous Lorentzian G-manifolds where G is a simple 
Lie group of real rank one 

In this subsection we describe minimal homogeneous Lorentzian manifolds M = G/H oi 
the class II for all simple Lie group G of real rank 1. The isotropy group j{K) of the 
associated rank one symmetric space S = G/K acts transitively on the unit sphere in ToS 
and the stability subgroups of a point 7^ G ToS is unique ( up to a conjugation), 
hence, maximal. 

The list of all non compact rank one symmetric space S = G/K is given below, see 

List of rank one noncompact symmetric spaces S = G/K. 

Mif" = SOlJSOn, Ci/" = SUi,n/Un, Hi/" = X Spn, = F4/Spin9. 

We describe corresponding minimal admissible manifolds M = G/H = G/Ky of the 
class II for each of these groups together with the reductive decomposition g = {) + m and 
the decomposition of the tangent space m into irreducible j(ii)-modules. It allows to give 
an explicit description of all invariant Lorentzian metrics on M. 



5.5.1 Case of the group G = SO^^ 

Let V = M}'^' is the Minkowski vector space and V = Mcq + E its decomposition where 
Co, Cg = — 1, is a unit time-like vector and E = e^. The hyperbolic space is the orbit 
Mif" = G/K = SOi^cq and E = Te^M.H"' is the tangent space with the standard action 
of the isotropy group SOn = SO{E). We will identify the Lie algebra soi n = soiV) with 
the space A'^V of bivectors. Then the reductive decomposition of G/K is given by 

Q = i) + p = A^E + eoAE. 

The stability subalgebra I) = i^i of a unit vector ei G -E is so{W) = A'^W where W = 
is the orthogonal complement of Ci in E. This implies 

Proposition 12 The only class II minimal admissible manifold of the group G = SO\^n 
is the manifold M = SO^^/ SOn-i- It has the reductive decomposition 

S0i,„, = 50{V) = 50{W) + (]R(eo A ei) + Cq AW + ei AW) 

where 

Ri'" = V = Reo + Rei + W 
is an orthogonal decomposition of the Minkowski space V. In particular, = ]R(eo Aei). 
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5.5.2 Case of the group G = SUi^n 

Let C^'" = V he the complex pseudo-Hermitian space with the Hermitian scalar product 
< ., . > of complex signature (l,"".) and 

= Ceo + ^ = Ceo + Cei + W 

an orthogonal decomposition, such that 

< eo,eo >= -1, < ei,ei >= 1. 

The complex hyperbolic space is the orbit 

C//" = 5t/i,„[eo] = SU.jUn 

of the point [eo] := Meo G PV in the projective space PV = CP^~^^. The tangent 
space T[eo]C-ff" is identified with E = Cei + W. In matrix notations (with respect to an 
orthonormal basis eo, ei, ■ ■ ■ ,enOfV) the reductive decomposition of CH^ can be written 
as 

S = [) + p = u„ + C^, 

u„ = {(^"q" ° ^, Agu„, a = trA}, P = {X:=(^^ ^* ^ , X G C", X* := X*}. 
The stability subalgebra t = su„ © M^o, where 

Zq = zdiag(l, --Id „). 

n 

We identify the tangent space p = TegCif" = E with the space C" of columns. Then the 
subalgebra sUn acts in p = C" by the matrix multiplication and zq as the multiplication 
by — ^i. 

■J n— 1 

The element v = (1,0,-- - ,0)* G C"" = T^^^CH"' = m corresponds to the matrix 



f = ei ® eo - eo 



The stabilizer H = ~ Un-i has the Lie algebra 

f) = ti, = su„_i © Rz 

where su„_i = su(iy) acts trivially on eo,ei and with respect to the decomposition 
V = Ceo + Cei + W the matrix 2; G f) C sui^n is given by 

2 

z = idiag (1, 1, -Id w)- 

n — 1 

The stability subalgebra I) = su„_i © Rz annihilates the 2-dimensional space 

Cv = {cv = cei ® eg — eo ® (cei)*} C m. 






1 





1 














On-1 
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The Lie algebra 5u„_i C f) acts in the standard way on the complementary subspace 
p' = {w ® Cq — Co ® w*, w G W} C p isomorphic to W. The element z acts on p' as a 



multiplication by —^^zj 
The reductive decomposition of the sphere K/H = Un/Un-i has the form 

t = + n = (su„_i + Rz) + {Rz' + n') 

where z' := diag (1, —1, 0„_i) and 

n' := {tf (g) Cq - Co (8) w*, w G W}. 

The j{H)- invariant subspace = Rz' and j{z) acts on n' ^ C"~^ as multiplication by 
_n±i,. We get 

Proposition 13 The only minimal admissible SUi^n- manifold of the class II is the man- 
ifold M = SUi^n/Un-i with the reductive decomposition 



sui,„ = (su„_i + Rz) + (Rz' + n'+ Cv +p' 

.n±li 
n—1 n—1 



j(z) -^i -^i 

'J \ f n — 1 r) — 1 



( We indicate the action of the central element z E ^ on the corresponding irreducible 
subspaces.) 

Since ri''^ = Rz' ^ 0, the manifold M belongs also to the the class I. The next 
proposition, which follows from Theorem[2]and TheoremlH describe all minimal admissible 
S't/i,„-manifolds of the class 1. Let gUn = Rzq + su„ be the Lie algebra of the group Un 
and a G su„ an element such that R{zq + a) generate a closed subgroup of f/„. 

Proposition 14 Any class I minimal admissible SUi^rr'^o-nifold is isomorphic to one of 
the manifolds : 

a) SUi^n/SUn, 

h) SUijT^ ■ ZsuM, ^ a G su„ or 

c) SUi^u/Tq ■ H' where H' is a maximal admissible subgroup of SUn- 

Proof. We have to describe maximal admissible subgroups H of Un- If the Lie algebra f) 
of H contains the center 3 = Rzq, we get c). If the projection of f) on 3 is trivial, then 
f) = SUn and we get a). If the projection is non trivial, then i) = R{z + a) © [)' for some 
non-zero a G sUn, where t)' is a subalgebra of su„. The reductive decomposition of u„ can 
be written as 

u„ = f) + (M2 + m') 

where su„ = {Ra + f)') + m' is a reductive decomposition of su„. The maximally of f) 
implies that Ra + f)' = isu„i^) ^^'^ S^^ b), where is the 1-parameter subgroup 
generated hj z + a. □ 
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5.5.3 Case of the group G = „ 

Let V = H^'" be the quaternionic vector space with a Hermitian form < ., . > of quater- 
nionic signature {l,n) and 

V" = Heo + ^ = Heo + Hd + W 

its orthogonal decomposition with < eo,eo >= — < ei,ei >= —1. The quaternionic 
hyperbolic space HP" = G/K = SUiJSpi ■ Spn is the orbit W = 5[/i,„[eo] in the 
quaternionic projective space HP""^^. The tangent space TfeojEIif" = E. In terms of an 
orthonormal basis Cq, Ci, ■ ■ ■ , e„ of H^'", the reductive decomposition of Hif" is given by 

Under identification TjegjIHif" = ii^ = p, the vector ci is identified with the matrix 






1 





1 














On-1 



The stabilizer H = of the vector v = ei E E = Tje^jHIif" has the Lie algebra 

/ a 

() = spi +sp.„_i = {(a, A) := a | , a e ImM, A G sp^.J. 

\0 A 

The action j{a, A) on the space 

/ X* X* 

p = et; + p' = {(x,X) := X | , x G H, X G e"-\ X* = X*} 

\ X 

is given by 

j{a, A){x, X) = {ax — xa, AX — Xa). 
The complementary subspace n to () in t is given by 

/ -y' \ 
n = lmH + n' = {{y',Y) := \ y' -Y* \ , y' e ImM, Y e W"^}. 

\ Y 0„„i / 

The action j{a, A) G '^^ iv' 1 ^) G n is given by 

A){y\ Y) = {ay' - y'a, AX - Xa). 

These formulas implies the following proposition. 
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Proposition 15 The minimal admissible SUi^n-f^o.nifold of the class II is the manifold 
M = Spi^n+i/ Spi X Spn-i with the reductive decomposition 

spi,n = f) + m = (spi + sp„_i) + (ImH + n' + Rv + {lmm)v + p'). 

where n' ^ p' ~ EI"~^. 

In particular, the space ra^ = Wv is one- dimensional. As (sp^ + spj^_i) -module, the 
tangent space m is isomorphic to 

m = Rv+ 5pi ® + e""^ ® 

with the natural action of i) = spi + sp^^i- Any invariant Lorentzian metric in M is 
defined by the scalar product of the form 

g = -Xv* ®v* + gi®hi+g2®h2 

where gi,g2 are invariant Euclidean scalar products on 3pi,W'''^'^, respectively, hi,h2 are 
any invariant Euclidean scalar products in M^, and X is a positive constant. 

5.5.4 Case of the group G = 

We consider the noncompact exceptional Lie group F4 with maximal compact subgroup 
K = Sping. The symmetric space OH"^ = G/K = F^/Spirig is dual to the octonion 
plane. The isotropy group j{K) acts transitively on the unit sphere S^^ in the tangent 
space TqOH'^ = m with stability subgroup Spinj. The irreducible spinor S ping-module 
p ^ R^^ as a Spinj-modnle is decomposed into the following irreducible S'piny-submodules 

m = Rv + ml + ml 

where spin7 + trig — spiug — sog and nxi is 8-dimensional spinor S'pmy-module. We get 

Proposition 16 The minimal admissible F^-manifold is the manifold M = F^/Spin^ 
with the reductive decomposition 

f4 = spin7 + m = spiriy + (Mf + + ml). 

Any invariant Lorentzian metric is given by 

g = -Xqv* (g) V* + Xigi + X2g2 

where gi,g2 are some fixed Euclidean invariant scalar products in mf and ml and Xi > 
0,z = 0,1,2,. 

6 Homogeneous Lorentzian class II manifolds of di- 
mension < 11 of a simple noncompact Lie group 

Here we describe noncompact minimal admissible class II manifolds M = G/H of dimen- 
sion d < 11 with a simple Lie group G. The stability subgroup H is the stability subgroup 
H = Kv of a minimal orbit j{K)v of the isotropy representation 

j:K^ GLip) 
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of the corresponding noncompact symmetric space S = G / K oi dimension m < 10. Since 
we already treated the case of G = SL^i^ and the case of real rank one, it is sufficient to 
consider simple Lie groups G 7^ ^-^^(R) of real rank greater then one. Any such manifold 
G/H admits a fibration over a noncompact symmetric space of dimension m < 10. 
Due to section 5.4, we may assume that G 7^ S'L„(M). 

List of symmetric spaces S = G/K of dimension m < 10, where G ^ SLn(R) 
is a simple noncompact group of real rank > 1 ( up to a local isomorphism ) 



AIII, m = 8 GrliC^) = SU2,2/S{U2 x SU2), p = x 

BDI, p = 2, g = 3, 4, 5 Grl\R'^+i) = S02,g/S02 x SO^ p = ^ Ri 

BDI, p = 3,q = 3 Grl{R^) = SOs^s/SOs x SO3 p = R^^ 

G,m = 8 G2/SU2 X SU2' p = ® C^. 

Remark Here we take into account the local isomorphism of the following symmetric 
spaces : 

SUi^i/Ui ~ SOI/U2 ~ Spi{R)/Ui - SL2{R)/S02 = Mi^^ 
Spii/Spi X Spi - SOii/SOi = RH\ 
SOl/U^ ~ SU^^^IU^ = CH\ 

Sp2{R)/U2 ^ S02,3/S02 X SO3. 

Recall that local isomorphism means the isomorphism of the universal covering and 
we consider all homogeneous spaces up to a covering. 



6.1 Case of the group G = SOp^q 

The isotropy representation of the symmetric space SOp^g/SOp x SOq is the standard 
representation oi K = SOp x SOg = SO{U) x SO{W), U = Rp, W = R" in the space 
V = p = U ^ W. Any element v & V belongs to the i^t,-invariant subspace U{v) x W{v) 
where 

U{v) := iw*v, W{v) = iy*v 

are supports of v. Note that dimf/(f) = dimiy(w) = r, where r is the rank of v. This 
reduces the classification of A'-orbits in V to the case when dim U = dim V = r, that is to 
the classification of the orbits of nondegenerate r x r matrices v G Matr with respect to 
the natural action of the group K = SOr x SOr- Since any matrix can be decomposed into 
a product of an orthogonal matrix and a symmetric matrix and any symmetric matrix is 
conjugated by element from SOr to a diagonal matrix, we get 

Lemma 1 Any K = SOr x SOr- orbit in the space Mat,, contains a diagonal matrix. The 
orbit of a nondegenerate matrix is minimal if it is the orbit of the diagonal matrix of the 
form XDk, where 

Dk = diag(Id r-k, - W k)- 
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The stability subgroup of the identity matrix Dq is the diagonal subgroup = SOf""^ C 
K = SOr X SOr- The stability subgroup K^)^ ~ SOr is a twisted diagonal subgroup of K 
with the Lie algebra 



Using this lemma, one can easily describe all class II minimal admissible manifolds 
j^m _ gQ^ ^^ff of dimension m < 11. To state the final result, we fix some notations. 

We denote by Cj, i = 1, ■ ■ ■ ,p an ortho normal basis of f/ = MP and by /i, ■ ■ ■ , an 
orthonormal basis of = and we use the identifications 

sOp = 50{U) = A^U, sog = 50{W) = A'^W. 

Now we describe the minimal admissible manifolds M = SOp^g/H = SOp^g/K^ associated 
with minimal orbits j{K)v of different diagonal elements v E V = U ^ W. We indicate 
also the stability subalgebra I) = C so{U) + so{W) and the reductive decomposition 

S0p,g = {) + m= () + (n + p) 

and the subspace m''^ of invariant vectors. We set 

U' = ei, W = f^, U" = span (ei, 62), W" = span (A, /a), 

E = span (ei, 62), F = span (/i, /a). 

a) V = Ci® fi. 

H = Ky = SO{U') X SO{W'), 

^ = 50{U')+S0{W') 

n = {ci AU' + fi AW') 
p = {Rv + ei®W' + U'^fi + U'®W') 
= = Rv. 

b) = d (g) /i ± 62 ® /2, 

= SOf"' X SO{U") X SO{W"). 

I) = M(ei Ae2±/i A/2)+so(f/")+so(H^"), 
n = R{eiAe2Tfi^f2) + EAW" + U"AF, 

p = Rw + M(ei®/2Te2®/i) + span(ei®/2±e2®/i,ei(g>/iTe2®/2) + 
E^W" + U" (^F + U" ® W" 
= M(ei A 62 T /i A /2) 
= Rv 

C) W± = ei O /i + 62 (g) /2 ± 63 (g) /3. 

We assume for simplicity that p = q = 3. 
K^^ = SOf"^ CK = S03X SO3, 

^ = K+= span (ci A ej + fi A fj, i, j = 1, 2, 3, ) 

n = span (ci A - /i A /j), 
p = + si3{R) = Rv+ + A2(M3) + S^{R^). 

= = Rv. 
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Remark i) The group K^,^ = SO3 acts in the space p = Mats = 6^3(1^) by conjugation 
and its preserves the 1-dimensional space Mw+ of scalar matrices and acts irreducibly 
on the space A^(M^) of skew-symmetric matrices and on the space S'q(]R'^) of traceless 
symmetric matrices. 

ii) The case of the minimal orbit of the vector V- is similar, but the description of the 
reductive decomposition is more complicated and it is omitted. 

Proposition 17 All class II minimal admissible SOp^g-manifolds M = SOp^g/K^ of di- 
mension m < 11 belong to the following list: 

ei ® /l + 62 ® /2 
ei ® /l - 62 ® /2 

V = ei® fi 
61 (g) /i ± 62 (8) f2- 

Proof. The proof follows from given above description of the stability subgroup Ky of 
diagonal elements of the form 

= 61 ® /i, 61 (g) /i ± 62 ® /2, 61 (g) /i + 62 ® /2 ± 63 (g) /g 

and calculation of the dimension of the corresponding manifold SUp^g/Ky. □ 

6.2 Case of the group G = G2 

The isotropy action of the symmetric space G2/SU2 x SU2 is the standard action of 
K = SU2 X SU2 in the space p = ® = 0t2(*C) of complex matrices. The manifold 
M = G2/Ky has dimension < 11 if dimi^j, > 3. There is the only one such stability 
subgroup, the diagonal subgroup 81/2^^^ , which is the stabilizer of the identity matrix. 
The group SU2^^^ acts irreducibly on the subspace Herm^ C Qi{C) of Hermitian matrices 
with zero trace and on the space iH6rm2(C) = SU2 of skew-Hermitian matrices. We get 

Proposition 18 The only class II minimal admissible G2-manifold is the manifold M^^ = 
G2/ 31/2^"'^ ■ It has the following reductive decomposition 

02 = gsu2^^^ + (sua"^*"^ + CId + H6rm2 + iHerm") 

where su^'^^"'^ is the anti-diagonal subspace, such that 

, diaq . adiaq 

SU2 + SU2 = SU2 + SU2 . 

In particular, = CId ^ and suf""^ -module m ~ + 3su2. 

6.3 The main theorem 

Combining all obtained results, we get the following theorem. 



= 302,2/ SO2' V = 

Mf = ^02,2/{6} X ^02 V = 

M'= S02,3/{e}xS02^ 

Mf= 302 3/30^"' v = 
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Theorem 4 All minimal admissible class II manifolds M'^ = G/H of dimension d < 11 
where G is a simple noncompact Lie group are described in the Table I. There are also 
indicated the maximal compact subgroup K of G and the space m = ToG/K of its isotropy 
representation, the dimension m of the symmetric space G/K and the fibre K/H of the 
natural G-equivariant fibration M = G/H^S = G/K over the symmetric space S = 
G/K. 

Table I. 



d 




K 


m 


m 


K/H 


3 


5L2(M) 


SO2 




2 


S' 


5 




SO, 




3 


S'' 


7 


SL,{^)/S02 


SO3 


sm') 


5 


S'' 


7 




U2 




4 


S'' 


7 


SOi^^/SOs 


SOi 




4 


S' 


9 




so. 




5 


s^ 


11 


SUi,s/U2 


Us 




6 


S' 


11 


SO,,e/SO, 


SOe 




6 


S' 


11 


G2/SU^'''^ 


SU2 X SU2 


C2®C2 


8 


S' 
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